ABSTRACT. Determining the original tectonic setting of volcanic rocks via their geochemical signature has been a long-standing goal for petrologists. However, current visually based methods for geochemical discrimination afford only limited success. We develop a probabilistic method for geochemical discrimination based upon statistics generated from geochemical databases and Bayesian analysis. This method incorporates elemental covariance, accounts for data measurement and theoretical uncertainty, and is not restricted in dimensionality of analysis, which is inherent in visual systems of discrimination. Furthermore, the method provides a direct way to discern statistical outliers whose inclusion would otherwise lead to lower discrimination accuracy. Tests of the approach yielded successful classification rates for single analyses of over 90 percent for volcanic arc basalts, mid-ocean ridge basalts, and ocean island basalts.
Fully understanding the geologic history of complex areas such as active margins often requires determining the original tectonic setting of volcanic rocks. However, these rocks are often set in an ambiguous context due to subsequent rearrangement by tectonic processes and, in most cases, geological inference alone is insufficient to discriminate between possible plate-tectonic settings. Therefore, we must rely on an examination of a sample's intrinsic properties, such as its major and trace element abundances.
Geochemical discrimination techniques have been used for decades to distinguish between the original plate-tectonic setting of volcanic rocks, such as those from island arcs, mid-ocean ridges, and ocean-island hotspots. One standard approach is to use discrimination diagrams (Pearce and Cann, 1973; Pearce, 1974; Pearce and Norry, 1979; Wood, 1980; Pearce, 1982; Shervais, 1982; Mullen, 1983; Pearce, 1987) , which are geochemistry plots that allow users to visually discriminate between tectonic settings based on where data plot relative to predetermined domains constructed from a priori data. A significant drawback of this approach is its marginal accuracy stemming from a dependence on visualization, a low dimensionality of analysis, and discrimination domains that do not reflect probabilities. Recent work has shown that these diagrams rarely classify samples with greater than 60 percent confidence (Snow, 2006) . Presumably, geochemical discrimination accuracy can be improved if these constraints are either reduced or eliminated. In particular, significant advances are possible if the reliance on visualization is discarded in favor of incorporating more element analyses, if elemental covariances are integrated as additional constraints, and if a probabilistic analysis accounting for existing uncertainties is introduced.
The goal of this paper is to establish a multi-dimensional geochemical discrimination technique based on Bayesian probability theory. (The Bayesian probability formulation is presented in Appendix A.) Central to this method is the generation of probability density functions (PDFs) from a priori datasets that quantify the likelihood of a sample forming in a specified tectonic setting given a particular chemical composition. We then use Bayesian analysis that compares the composition of a new sample taken from an unknown setting to the a priori PDFs to generate a probabilistic a posteriori estimate of the original plate-tectonic setting. Furthermore, because the PDFs are well-approximated by multi-dimensional Gaussian functions, we introduce elemental covariance in a meaningful way to provide additional constraints, resulting in a more robust geochemical discrimination analysis. Our approach is related to that of Pearce (1987) ; however, we focus solely on geochemistry to avoid the difficulties of assigning quantitative values to more qualitative data.
We begin this paper with a general discussion of inverse problems to provide motivation for establishing a probabilistic geochemical discrimination method. We develop a geochemical operator that generates a theoretical dataset of element concentrations for each tectonic setting, and demonstrate that it, along with elemental covariance measurements, can quantify a probabilistic theory of elemental abundances in volcanic rocks. We then incorporate a priori information on data and model components into the analysis, and show how combining this information with a PDF describing the discrimination theory forms a joint model-data probability space. Subsequently, from this space we generate a posteriori estimates of the probability that the sample was formed in a given tectonic setting. We conclude the paper by evaluating the efficacy of the Bayesian discrimination technique to properly classify volcanic rocks through blind testing of geochemical data acquired from areas of known tectonic setting. In the following sections, we often use the terms MORB, VAB and OIB, which refer to basalts erupted at mid-ocean ridges, island arcs, and ocean-island hotspots, respectively. In addition, both alkalic and tholeiitic compositions were used. We make these clarifications to emphasize that the terms have tectonic implications, and we are not referring to chemical properties.
geochemical discrimination as an inverse problem
Solutions to many geological problems are approximated through forward modeling. This process entails parameterizing the model and observable data components of a system, developing a theoretical relation between the two, and generating modeled data that can be matched to observed data. These steps are iteratively repeated using different values for model components until modeled data optimally match observed data. Mathematically, this is equivalent to applying a theory operator, G, to a set of model components, m, to generate a modeled dataset, d, that optimally matches observed data, d
obs :
where Ϸ 0 reads 'is minimized'. A list of the nomenclature used in this paper is presented in Appendix B. Geochemical discrimination, however, is more often posed as an inverse problem, where collected data are plotted on diagrams constructed from a priori data (for example, Pearce and Cann, 1973) . The primary difference between the forward and inverse approaches is the latter reconstructs model components directly from observed data rather than vice-versa. Mathematically, this requires solving,
Although inverse problems are intuitively appealing, finding their solution is often difficult. For example, problems can arise because of too many contradictory or too few constraints, incomplete or erroneous datasets, and incomplete or inaccurate theory. These factors combine to make a direct calculation of G Ϫ1 impossible. Geochemical discrimination is an over-determined inverse problem characterized by precise, though sometimes incomplete, data (for example, not all elements are usable due to secondary alteration), and poor resolution of the scales of physical processes (for example, degree of partial melting and/or fractionation). These factors combine to make the results of geochemical discrimination analysis less certain. Because intrinsic uncertainty exists, in this paper we argue that the language of geochemical discrimination should be couched in the language of probability. Importantly, many of the aforementioned problems are either accounted for, or overcome, using a probabilistic inverse problem framework. Therefore, we approach the challenges of geochemical discrimination by applying Bayesian probability calculus (Bayes, 1763) in the manner advocated by Tarantola (1987) . Figure 1 illustrates our Bayesian geochemical discrimination approach. The discrimination process begins with an initial probability estimate that an unknown sample is formed at either an island arc, mid-ocean ridge, or ocean-island hotspot. For example, the left-hand side of figure 1 illustrates a situation where all settings have an equal probability. We then use statistics from geochemical databases (that is, elemental covariances) with analytic measurement uncertainties (which can be adjusted according to the method of analysis), to generate a probabilistic geochemical theory for each tectonic setting that specifies the likelihood of formation given its elemental abundances. Data from the unknown setting are input to the discrimination algorithm and then compared with data calculated from the statistical theory (as illustrated in the center of fig. 1 ). The algorithm then outputs a probabilistic estimate quantifying the likelihood that the sample formed in a given tectonic setting. For example, the righthand side of figure 1 shows the sample most (least) likely formed an island-arc (ocean-island hotspot) setting.
probabilistic geochemical discrimination
Physical theories are inexact and therefore have associated uncertainties; however, these are usually difficult to estimate because uncertainties in theory are often of the same order of magnitude as those of the measured data. In geochemical discrimination, however, data measurements are far more accurate than our physical modeling of geologic processes. Accordingly, we must describe irresolvable geologic processes with a statistical theory, and translate the observed variance of elemental abundances Fig. 1 . Schematic illustrating the methodology of, and required inputs for, the Bayesian geochemical discrimination analysis. Left-most chart represents initial (unbiased) probability of a sample's tectonic origin. Center shows the necessary inputs that are used in discrimination calculations. Right-most chart shows the probabilities of a given sample having a particular setting after Bayesian analysis. This scenario depicts a sample that is most likely VAB in origin, and least likely OIB.
in volcanic rocks into theoretical uncertainty. This is achievable in a robust fashion using the Bayesian framework developed in the sections below.
Parameterizing Model and Data Space
The first step in developing a Bayesian geochemical discrimination method is parameterizing model and data space. We represent the model space of all possible plate-tectonic settings with vector m of size M where,
Note that a model component can only assume a binary value (that is, where trueϭ1 and falseϭ0), and only one component of model space can be true in any single analysis. This restriction arises because the existence of two or more simultaneous true values does not make sense: the sample had to form in one and only one tectonic setting.
The data used for geochemical discrimination are the elemental abundances of a particular sample. We write these as a list of N elements to form data vector d,
where log refers to natural logarithm, and the variables with subscript ref are mean N-MORB values (Sun and McDonough, 1989) that are used to generate a nondimensional vector space. The data vector is a particular realization from a continuous distribution defined on the interval [Ϫϱ, ϱ] , where P(d j ϭ X) represents the probability that datum, d j , has the value X.
Developing a Geochemical Operator The next step is generating a geochemical operator, G, that links model and data spaces, m and d. Specifying G is possible due to the existence of extensive geochemical databases from regions of known tectonic setting. Thus, we develop G from the statistics of the known historical data, h. A sample in a database is identified by the values of the three indices on h jip : j relating the particular element, i describing the plate-tectonic setting, and p giving the measurement redundancy for a particular i and j. For example, if j ϭ 1 refers to Ni and i ϭ 3 refers to OIB, then h jip ϭ h 135 refers to the fifth Ni measurement in the OIB database.
We develop a geochemical operator by assuming that the action of operator, G ji , on model parameter, m i , yields the expected value (that is, mean concentration) of the j th element in the i th tectonic setting. Hence, we compute the matrix elements of geochemical operator, G, by calculating the mean of the P database measurements for a particular i and j,
Quantifying Theoretical Uncertainty Even though we have quantified our geochemical operator, G, we have not yet measured how accurately it represents the true geochemical theory, . For example, if all Ni measurements collected in an OIB database have the same value, then we would be extraordinarily certain about our statistical geochemical theory of OIB Ni abundance. Conversely, the greater and more random the variance in Ni abundances found in an OIB database, the less certain we are. Hence, properly representing this uncertainty requires ascribing a probabilistic representation of the true statistical geochemical theory. Similar to the model and data spaces, we must formulate a probability measure over , P( (d|m)), relating the probability that data, d, from theory, , is correct given the veracity of model components, m.
As discussed in the preceding example, measuring theoretical uncertainty requires examining dataset (co)variance. We denote an element of covariance matrix, T C i jk , where subscript i relates the tectonic setting, double superscript jk represents two elements, and prescript T refers to theory. We compute the covariance operator through,
where, for the i th tectonic setting, the covariance matrix diagonals (where j ϭ k) represent the dataset element variances, and the off-diagonals (where j k) quantify how elements co-vary. Covariance values can be transformed into a normalized measure of correlation, i jk , through,
Theoretical covariance matrix T C, and correlation matrix , are directly related to the state of information in the system, and can be used to specifiy a PDF quantifying the certainty that geochemical operator G accurately represents the true theory. The covariance measure is particularly important because it dictates the shape of the theory PDF. Figure 2 illustrates how different covariance (here correlation) values can focus a 2-D Gaussian PDF. The two PDFs in the upper panels of figure 2 have the same variances; however, the PDF in the upper left panel has zero x-y correlation ( xy ϭ 0), whereas the PDF in upper right panel has a strong x-y correlation ( xy ϭ 0.9). Note that the probability density cross-sections along lines X ϭ 5 and Y ϭ 5 in the lower right panel are significantly more concentrated than those in the left panel, indicating enhanced spatial resolution.
Fully specifying the theoretical PDF, though, requires making further assumptions about its shape. In this paper we use a Gaussian hypothesis, which imposes the following key assumptions:
1. individual element PDFs are adequately described by Gaussian functions; 2. the shape of the PDF representing abundances of elements j and k is adequately represented by a 2-D Gaussian function with ellipticity defined by covariance function, T C i jk ; 3. the global theory of geochemical discrimination is adequately represented by a N-dimensional Gaussian function defined by covariance function, T C. The Gaussian hypothesis allows us to represent a probabilistic geochemical discrimination theory with the following N-dimensional Gaussian PDF (Tarantola, 1987) ,
where d is the true data vector, and Gm is a vector containing the expected trace element abundances, superscripts † and Ϫ1 represent matrix transpose and inverse, respectively, and det( T C) is the determinant of covariance matrix, T C. There are a number of notable points regarding the expression given in equation (8). First, the dimensions of matrices (Gm-d) † , and T C Ϫ1 , (Gm-d) are 1 ϫ N, N ϫ N and N ϫ 1, respectively. Multiplication of these three matrices yields a single number as the argument of the exponential function. Second, because the inverse of covariance matrix, T C
Ϫ1
, is used to define the PDF, elements with greater (lesser) covariances tend to broaden (narrow) the probability distribution. Third, this approach is applicable to any finite dimensionality; for example, any commonly analyzed trace element or isotope, or ratios thereof, can be used as constraints in this geochemical discrimination approach.
For completeness, we also define a state of information of the theory over a joint data and model space, (d,m), through (See Appendix A), ͑d,m͒ ϭ ͑d͉m͒͑m͒. Function (m) is a reference state of information on model parameters m, used to normalize the density function; however, a value is not assigned to (m) insofar as it is eliminated by other PDFs in equation (12).
incorporating a priori uncertainty
In many inverse problems, it is desirable to incorporate known information into the analysis. One source of information is the statistical uncertainty associated with analytical techniques. A second type of information is where a particular model space component is infeasible. This section discusses how to incorporate this information into the analysis.
Data Measurement Uncertainty
Incorporating data measurement uncertainty requires estimating the relationship between measured, d obs , and true, d, data values. For example, where measurements are exact we may equate the two: d obs ϭ d. However, especially for elements with extremely low abundance (that is, near detection limits), properly specifying this relationship is extremely important. For example, the abundance of Ta in volcanic rocks for all settings can be near detection limits for XRF analysis. Therefore, incorporating the appropriate level of uncertainty in Ta measurements is essential if we are not to ascribe a physical meaning to the measurement noise.
We assume that the analytical measurement uncertainty, p D (d), is well-represented by a Gaussian PDF. We also assume the measurement uncertainty of an element is uncorrelated with all others. Hence, we describe the analytical data measurement uncertainty with the following PDF,
where D (d) is a reference state of information, and the diagonal elements of covariance function d C i contain appropriate variance estimates of analytic measurement uncertainty.
Model Space Uncertainty
Incorporating a priori information on a plate-tectonic setting requires specifying an additional probability function. In most cases, a priori biased results are undesirable, and we want to use a non-informative PDF, where all M model components have equal likelihood,
However, we include this function to allow for situations where eliminating a model space component is justified.
Multiplying p D and p M creates a joint probability density space, p(d,m) ϭ p D (d)p M (m), representing the a priori state of information. In the next section, we show how new data and the probabilistic geochemical theory, , combine to refine distribution p(d,m) to generate an a posteriori estimate of the likelihood a sample formed in a given tectonic setting.
generating a posteriori probabilities
So far we have generated PDFs representing a priori data and model space, and the geochemical discrimination theory. Combining these probability measures creates PDF (d,m) that represents the a posteriori state of information on joint model and data space (Tarantola, 1987) ,
where ( 
Note that integrating with respect to data vector, d, allows us to relate observed data d obs in equation (10) directly to estimates described by Gm in equation (8). Moreover, because the PDFs are assumed to be Gaussian, the integral in equation (13) is simply a convolution of two Gaussian functions. This integration can be performed analytically to yield another Gaussian PDF,
where the resulting covariance matrix, D C, is the sum of the covariance matrices representing the theory and analytical measurement uncertainties,
Because model space m is finite dimensional, the PDF in equation (14) is normalized by the sum of all possible outcomes,
where M is the number of candidate tectonic settings. The explicit solution for, say, the third model component, m 3 ϭ OIB, may be found by setting the model vector m ϭ m 3 in equation (16) to yield,
The magnitude of the normalization constant in the denominator of equation (16) measures the degree to which a sample is an outlier of the geochemical database. It also may be used as a filter to reject data whose abundances fall too far away from the statistical mean. We introduce an outlier cutoff value, ⌫, that can be used to eliminate data points having insufficient information content (as defined by the user) to be useful for geochemical discrimination,
In some cases we may want to analyze multiple data samples taken from region of unknown geologic history. For these cases, we can either choose to perform P independent discrimination tests using equation (16), or perform a batch analysis combining all measurements. The former approach treats each unknown sample as an independent test, whereas the latter approach involves solving a modified version of equation (16) that includes a summation over all samples in the batch,
Here, summation ¥ p ϭ 1 P d p obs forces the observed data values toward the expected mean facilitating improved discrimination. However, if the samples in the batch represent more than one tectonic setting, then the batch processing approach violates the initial assumption that all samples are from one tectonic setting rendering the results invalid.
model testing and results
In this section, we evaluate the efficacy of the developed geochemical discrimination method using samples from existing databases in blind tests of using equations (16) and (19). We describe the data sources and usage, outline our approach to optimizing parameters, and present the results of the geochemical discrimination tests.
Data Sources
The geochemical data used for the analysis described in this paper were compiled from two open-access geochemical databases GEOROC (http://georoc.mpchmainz.gwdg.de/georoc/) and PetDB (http://www.petdb.org/). The structure and content of these databases are thoroughly examined by Lehnert and others (2000) , and will not be discussed further in this paper. This study used data from twenty-three arc systems (Ͼ 10,000 VAB analyses), eighteen mid-ocean ridges (Ͼ 3,000 MORB analyses), and forty-four ocean islands (Ͼ 6,000 OIB analyses). We note that the varying number of analyses for each tectonic setting is unimportant as long as a statistically significant number of samples are present for defining the statistical mean for each element and covariance values between each pair of elements. We complied forty-two major and trace elements for each end-member tectonic setting. Isotopes were not utilized for this study.
The assembled data set were filtered to eliminate samples with weight % SiO 2 greater than 60 percent and less than 40 percent. Data were then randomly subdivided into two batches, where 50 percent were used for generating the required statistics and the remaining 50 percent were reserved for independent tests. We constructed the covariance tables required in equations (16) and (19) according to equation (6) using samples from the first half data set that fell within 10 standard deviations of the elemental abundance means.
Optimizing Parameters
The developed geochemical discrimination technique introduced several degrees of freedom that can be tuned to produce a more robust discrimination result. For example, one may determine how many and which elements and tectonic settings to use, and the values for analytic measurement uncertainties and outlier cutoff. The choice of these input parameters significantly affects the outcome of the discrimination tests, and therefore parameter optimization is necessary. Unfortunately, an exhaustive examination of parameter space is infeasible owing to the shear magnitude of possible element and parameter combinations. Hence, we used the following ad hoc method of parameter optimization.
Because the discrimination method is N-dimensional, we could use all elements for which databases exist. However, this produces less than optimal results for a number of reasons. First, many elements have broad and overlapping compositional distributions for all three tectonic environments. This leads to a situation where the distributions are too statistically similar to afford resolution of the model space components. Second, many elemental distributions are too non-Gaussian in shape (for example, not logarithmically distributed) to validate the aforementioned key assumptions. Finally, some elements that seem to be the most useful for discrimination (that is, the most statistically independent) are highly mobile in metamorphic fluids (for example, Na and K). Susceptibility to secondary alteration makes them unsuitable for discriminating because of the extreme difficulty in separating the signature of the original melt from that of the subsequent alteration processes.
Based on the above constraints, we selected seven elements that have significantly different distribution statistics for each tectonic setting, have roughly Gaussian-shaped distributions, and are relatively immobile: Ni, Sr, Zr, Nb, Ti, Pb, and Ta. The distributions of each of these elements (labeled as Disb.), as well as our Gaussian representations of the distribution (labeled as Gauss.), are illustrated in figure 3 . For testing purposes, we only retained samples with measurements of all seven elements. Although this limited the number of analyses, it minimized over-reliance on individual elements thereby generating more consistent and standardized results.
We employed an analytic uncertainty parameter that effectively doubled the variances for each of the used elements. Although realistic values are probably lower for many elements, we argue that a higher value is warranted to account for the imperfect Gaussian shape of the PDFs shown in figure 3 . In general, increasing this value decreases model space resolution and lowers the certainty of classification estimates, but it better accounts for non-Gaussian statistical outliers. Conversely, decreasing this value affords greater statistical significance to the data, but makes the method less robust to outlying samples.
Results
Tests of the geochemical discrimination technique were conducted with the seven aforementioned elements and data uncertainty factor for all permutations of outlier cutoff values of ⌫ ϭ 0, 0.01, and 0.10 and batches of one, two, and three samples. Data points excluded during covariance calculations were included in the testing. We also randomly selected the samples analyzed in batch mode to minimize the possibility of including measurements from only one locale. We classified a discrimination result as successful where a sample known to be from tectonic setting X was classified by the algorithm as having formed in setting X with the greatest probability.
Testing results are presented in table C-1 of Appendix C. Figure 4 shows the discrimination results for an outlier cutoff value of ⌫ ϭ 0 for single batches processing. Figure 5 shows the discrimination results again for an outlier cutoff value of ⌫ ϭ 0, but for batch processing of three samples. The elemental abundance means used in the calculation of these results are given in table C-2, while the covariance functions are presented in tables C-3 through C-5. The main subroutine used for discrimination is given in Appendix D. Note that the data plotted on the ternary diagrams are probabilistic measurements, and are not discrimination diagrams.
Results of the geochemical discrimination testing show significant improvement over typical results from visually based discrimination. The tests demonstrate that VAB, OIB, and MORB are well and fairly evenly resolved, generally with a high percentage of certainty. Incorrect VAB data classifications are evenly split between MORB and OIB. However, MORB and OIB are more likely to be misclassified as OIB and MORB, respectively.
Increasing the outlier cutoff values improved the rate of successful classification for MORB and OIB; however, a more stringent cutoff value results in fewer overall classifications. Increasing the number of samples in the batch-processing mode also improved the rate of successful discrimination. This was expected since the averaging filter in equation (19) minimized the impact of an outlier in a batch as one might expect from the Central Limit Theorem. However, this test is not a completely fair one because we have randomly chosen samples from the database, whereas samples from any given site are likely to have systemic biases.
discussion These results clearly demonstrate that the technique has an excellent ability to discriminate between samples generated in VAB, MORB, and OIB. However, we caution that this technique should not be treated as a black box algorithm, because the user can bias results by virtue of a particular parameter choice. We emphasize that resolution tests with data from known settings must be conducted before applying the technique with alternative parameter settings. In addition, although the elements used in this study are generally stable during metamorphism, it is possible that they are mobile in some fluids and therefore the generated probabilities will reflect the sample's modified, not its original, chemistry. Because of this possibility, we suggest choosing a high value for the outlier cutoff parameter, ⌫, which is the most robust measure of the possibility of secondary alteration. However, using higher cutoff values may again necessitate collecting and processing of additional geologic samples.
This study examined only three tectonic settings. Future work will examine whether incorporating additional environments into the model space by subdividing the existing tectonic settings into more specific categories is feasible. Also, we emphasize that the statistical approach does not elucidate specific deterministic geologic processes; rather, only the likelihood of a sample forming in a certain environment.
Finally, one of the difficulties when trying to classify an unknown sample's tectonic setting is determining when it is appropriate to use geologic inference versus less intuitive inverse statistical techniques. For example, samples with Ͼ70% SiO 2 may be correctly classified by this approach; however, geologic inference would strongly suggest that VAB and MORB are the highest and lowest likelihoods, respectively. Therefore, discrimination via an inverse approach is unnecessary.
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The data shown in table E-1 were input as matrix 'Data' in the above code. The resulting output from the code is shown below in table E-2.
Inspection of the calculated probabilities reveals three important pieces of information: 1) that 10 of the 11 samples are likely of an OIB origin; 2) none of the samples are statistical outliers with rho ϭ 0.01; and 3) all of the samples had only a slightly higher probability of having an OIB origin than of having a VAB origin. The fact that most of the samples have similar values for either an OIB or VAB origin may suggest that the values are somewhat atypical for an OIB composition. However, inasmuch as 10 of the 11 were classified as OIB, one can be more confident in the discrimination test.
